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A theorem on amplitudes of thermal atomic fluctuations in large molecules
assuming specific conformations calculated by normal mode analysis
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An exact theorem is proved and its implication is discussed. The theorem states that, if a large molecule, typically biological
macromolecules such as proteins, undergoes small-amplitude conformational fluctuations around its native conformation in such a
way that within the range of conformational fluctuations at thermal equilibrium the conformational energy surface can be
approximated by a multidimensional parabola, then the mass-weighted mean-square displacement of constituent atoms is given by
the sum of the contributions from each normal mode of conformational vibration, which in turn is proportional to the inverse of the
square of its frequency. This theorem provides a firm theoretical basis for the fact hitherto empirically recognized in the
conformational dynamics of, for instance, native proteins that very-low-frequency normal modes make dominant contributions to the
conformational fluctuations at thermal equilibrium. Discussion is given on the implication of this theorem, especially on the
importance of the concept of the low-frequency normal modes, even in the case where the basic assumption of the harmonicity of the

energy surface does not hold.

1. Introduction

Biopolymers such as protein and DNA assume
specific conformations under physiological condi-
tions. However, they undergo small-amplitude
conformational fluctuations around the mean
specific conformation. Such conformational dy-
namics is essential for their biological functions.
Three types of computer simulation methods have
been used as powerful tools to study the dy-
namics: Firstly, the method of molecular dy-
namics, i.e., numerical integration of the classical
Newtonian equation for cartesian coordinates of
constituent atoms [1]. Secondly, the normal mode
analysis (NMA) of small-amplitude conforma-
tional vibrations. This analysis has been carried
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out in both the cartesian coordinate space 2] and
the dihedral angle space [3,4]. Finally, the Monte
Carlo simulation carried out in the dihedral angle
space [5]. The second method is based on the
assumption that the conformational energy surface
can be approximated by a multidimensional
parabola within the range of thermal fluctuations
(assumption of harmonicity). The first and third
methods are free from this assumption. Complex
but intriguing dynamic pictures of protein confor-
mations are emerging from simulations of these
methods. A usual first step in the analysis of
results of simulations is to compile amplitudes of
fluctuations of atomic positions in thermal equi-
librium. These amplitudes can be compared with
X-ray crystallographic temperature factors. Even
for the assumption of harmonicity, the second
method of simulation can produce atomic equi-
libium fluctuations that qualitatively agree with
the results from the other two methods and also

0301-4622 /90 /803.50 © 1990 Elsevier Science Publishers B.V. (Biomedical Division)



106 N. GG /A theorem on conformational fluctuations in large molecules

with those deduced from X-ray temperature fac-
tors.

The results of the normal mode analysis have
indicated that, in globular proteins, very-low-
frequency modes make dominant contributions to
mean square deviations of atomic positions in
thermal equilibrium. In such very-low-frequency
modes, an entire molecule is involved in a con-
certed motion. These results are significant in
indicating that a_relatively small number of de-
grees of freedom corresponding to these very-low-
frequency modes have a dominant importance in
protein conformational dynamics. Prompted by
this indication, we are now developing a new
method of describing protein dynamics by the
coupled motion of normal mode variables (T.
Horiuchi and N. G6, manuscript in preparation)
and a new method of X-ray crystallographic re-
finement based on the idea of the normal mode
analysis (A. Kidera and N. GO, manuscript in
preparation).

In this paper, a theorem is presented which
relates the mass-weighted mean-square atomic dis-
placement in thermal equilibrium calculated by
the normal mode analysis to frequencies of the
normal modes. This theorem gives a clear theoreti-
cal justification for the above-mentioned empirical
observation of the dominant importance of the
very-low-frequency modes. We describe the theo-
rem in section 2 and provide the proof thereof in
‘section 3. Consequences arising from the theorem
are discussed in section 4.

2. Description of the theorem

In the normal mode analysis, a macromolecule
is treated as a dynamical system which obeys the
classical Newtonian law. An empirical conforma-
tional energy function is assumed as the potential
function. Normal mode analysis is based on the
assumptions that dynamical conformational
changes of a macromolecule are confined within a
well of a single minimum of the conformational
energy function, and that the energy function can
be approximated by a multidimensional parabola
within the range of the conformational dynamics.
In the situation where these assumptions are

satisfied, the conformational dynamics of the mac-
romolecule is described by a linear combination of
normal modes. Each normal mode, e.g. the j-th
normal mode, is characterized by its frequency, »;,
and by the pattern of displacements of constituent

‘atoms from their mean positions. Now the theo-

rem is described as follows:
Y m Arky =kTY (2mv,) 1)
a J

where m_, and Ar, denote the mass and displace-
ment vector of the a-th atom in the molecule,
respectively, k Boltzmann’s constant and 7 the
absolute temperature. The right-hand-side of this
equation represents the mass-weighted mean-
square atomic displacement in thermal equlibrium.
The theorem states that this mean atomic dis-
placement is given as the sum of contributions
from each normal mode, which in turn is propor-
tional to the inverse square of the frequency. Note
that the actual pattern of displacements of atoms
in each normal mode does not appear explicitly in
this relation.

3. Proof of the theorem

Proofs will be given for each of the two cases
where the normal mode analysis is performed in
cartesian coordinate space, and dihedral angle
space, respectively. Justification for this apparent
duplication exists in the complexity of the prob-
lem caused by the translational and rotational
degrees of freedom of the molecule as a whole.
The theorem of eq. 1 holds only when such exter-
nal motions of the molecule are eliminated from
the atomic fluctuations. Elimination of the trans-
lational degrees of freedom is trivial. One should
simply choose a coordinate system in which the
center of gravity of the molecule stays fixed in
space. Elimination of the rotational degrees of
freedom involves a complex problem. It should be
carried out as prescribed by Eckart [6] many years
ago. What is complex is that the condition of
Eckart cannnot be satisfied strictly by solutions of
the Newtonian equation of motion. In other words,
we have to impose an artificial condition, which is
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not compatible with the equation of motion in the
strict sense, in order to eliminate the rotational
degree of freedom. Because this elimination is to
be done differently in the normal mode analyses
carried out in cartesian coordinate space and di-
hedral angle space, a proof will be given in each
case in order to stress this point. To describe a
proof, the usual mathematical procedure of the
normal mode analysis must be reviewed to some
extent.

3.1. Proof in cartesian coordinate space

When normal mode analysis is performed in
cartesian coordinate space, external motions are
not eliminated from the atomic motions, but ap-
pear as normal modes with vanishing frequencies.
This situation must be considered carefully in
order to prove eq. 1.

We consider an isolated macromolecule which
is undergoing small-amplitude vibrational motions
around its energy minimun conformation. Let the
position vector and the cartesian coordinates of
the a-th constituent atom in the minimum energy
conformation be r, and r,, (k=x, y, and z),
respectively. An instantaneous conformation of a
vibrating molecule is characterized by the dis-
placement vectors of its constituent atoms. Let the
displacement vector and the cartesian components
of the a-th atom be s, and s,, (k= x, », and z),
respectively. (The displacement vector of the a-th
atom is designated by the usual notation of 4r, in
eq. 1, but is henceforth referred to as s, to sim-
plify the notation). Then, the Lagrangian of the
system is given by

L= (1/2)kaa'§3k -(1/2) E Sk biSarSer (2)

ak , bl

and

Jak.r= azE/asakasbl (3)

where E is the conformational energy as a func-
tion of the displacement vectors of constituent
atoms. Because the conformational energy does
not depend on the spatial location and orientation
of the molecule as a whole, the value of £ should
be invariant for displacement vectors of the fol-

lowing type, which express external (i.e., purely
translational and rotational, and therefore in-
volving no internal) motions of atoms:

so=80+wXr, (4)

Here superscript e represents ‘external’, and § and
w are arbitrary vectors of translation and rotation,
respectively. The potential energy term in the
Lagrangian of eq. 2 vanishes for a displacement
vector of the form of eq. 4. If the displacement
vector is not given exactly by the form of eq. 4,
then the potential energy should be positive, be-
cause it is an energy around a minimum point.
Therefore, the matrix F, whose elements are the
second derivatives of eq. 3, is non-negative. In this
case, the fact that the potential energy vanishes for
vectors of the form of eq. 4 means that such
vectors are eigenvectors belonging to eigenvalues
which are equal to zero.

By writing down the equation of motion for the
Lagrangian of eq. 2, we have:

ma‘:‘:ak+ Zfak.b[sblzo (5)
bl

A general solution of this equation is given as a
linear combination of the motion of normal mode
variables a,.

Sak = Zuak,zai (6)

Here the coefficients satisfy the following gener-
alized eigenvalue equation:

2
(27v,;) mlg i = Zfak.bfub[‘i (7)
bl

They are orthonormalized to satisfy the following
relation.

Zmauakj“ak.j:‘si.j (8)

ak

where §, ; is unity, if i =/, and vanishes otherwise.
The normal mode variables satisfy the following
harmonic equation of motion:

d,+ (2mv,)%0,= 0 (9)

As shown earlier, the displacement vectors of
the form of eq. 4 are eigenvectors of matrix F
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belonging to vanishing eigenvalues. This fact to-
gether with eq. 7 means that they are also eigen-
vectors of the generalized eigenvalue equation of
eq. 7 with »,=0. Because eq. 4 involves two
arbitrary three-dimensional vectors, there are six
vanishing eigenvalues and corresponding eigenvec-
tors. All other eigenvalues (27»,)* in eq. 7 are
positive. Therefore, eq. 9 expresses a harmonic
oscillator, and v, is its frequency. The mean-square
thermal-equilibrium amplitude of a harmonic
oscillator is given by

{6}) =kT(2mv,) " (10)

These harmonic oscillators describe internal mo-
tions of the molecule, as opposed to the eigenvec-

tors of eq. 4, which belong to vanishing eigenval- -

ues, correspond to external motions. A general
solution of internal motions is therefore given by

Sak = Z uak,iol (11)

where summation extends over normal modes with
non-vanishing frequencies. The theorem to be
proved can be derived easily by using egs. 8, 10
and 11. The summation in eq. 1, therefore, should
be understood as extending over normal modes
with non-vanishing frequencies. Note that
elimination of the external motions of atoms is
carried out only after the normal mode analysis
has been performed.

Because of the orthogonality of eq. 8, internal
motions of eq. 11 are orthogonal to external mo-
tions in the following sense.

Ym,s, (0+wxr)=0 (12)

Because the two vectors 8 and w are arbitrary,
this equation means that

S m,s,=0 (13)
and
Y m,r,xs,=0 (14)

The former equation means that the center of
gravity does not change its position for small-am-
plitude internal motions of the molecule. The latter
equation was first derived by Eckart [6] as a
condition that atomic displacements s, include no
contributions from overall rotation of the mole-

cule. He derived this equation by requiring that
the kinetic energy of the molecule be best sep-
arated into contributions from internal and exter-
nal motions.

The above two equations mean that, once the
quantities on the left-hand side of these equations
have vanishing values, they stay vanishing during
the course of motion governed by eq. 5. In other
words, they are ‘integrals of motion’ of eq. 5.
However, eq. 5 is an approximation to the original
Newtonian equation of motion derived by ex-
panding the potential energy surface up to the
quadratic terms. The quantities of eq. 13 are also
integrals of the original equation of motion. How-
ever, the quantities of eq. 14 are not. This means
that solutions of the original Newtonian equation
of motion cannot satisfy the Eckart condition
strictly. In other words, the Eckart condition is an
artificial one to be imposed in order to separate
rotational motions from internal motions of com-
plex polyatomic molecules. However, once the
quadratic approximation of the potential energy
function has been introduced, the Eckart condi-
tion can be satisfied strictly. When one carries out
the normal mode analysis by solving the gener-
alized eigenvalue problem of eq. 7, it is advisable
to check whether the eigenvectors belonging to six
vanishing eigenvalues are given by the form of
egs. 13 and 14.

3.2. Atomic fluctuations in the molecular dynamics
calculation

We can give another interpretation of eq. 12
(and, consequently, of eqgs. 13 and 14), which
would provide an insight into what is performed
in the normal mode analysis. Consider two con-
formations of the molecule; one is the minimum
energy conformation characterized by position
vectors r, of the atoms, the other being an instan-
taneous vibrating conformation characterized by
displacement vectors s, of the atoms. The position
vectors of the latter conformation are therefore
r,+s5,. Now we wish to bring the second confor-
mation into the position which fits best with the
first one by properly translating and rotating the
latter. Let us define the best-fit position as that
which gives the minimum value of the mass-
weighted mean-square displacement. When this
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definition of the best-fit position is adopted, we
can prove that the above two conformations are in
the best-fit position with no further translation
and rotation, when eqs. 13 and 14 are satisfied.
The proof is as follows: When we translate and
rotate the second molecule by infinitesimal
amounts represented by infinitesimal translation
and rotation vectors 8 and w, respectively, the
position vector r,+s, is brought to &+ (I +
R(w))(r,+s,), where I is the identity matrix and
R(w) is a matrix of rotation w. Because the dis-
placement vectors s, are small vectors and the
translation and rotation vectors are infinitesimal,
we expand the above vector in terms of these
small quantities and retain terms only up to the
first order to obtain r,+s,+ 8 + w X r,. There-
fore, the mass-weighted mean-square displacement
1s given by

Zmn(sa+8+w><ra,)2 (15)

By equating a term of the above expression which
is linear with respect to 8 and @ to zero, we obtain
the condition that § = 0 and w = 0 give the best-fit
position. An equation thus obtained is none other
than eq. 12. Therefore, eq. 14 signifies that atomic
displacements s, include no contribution from
overall rotation of the molecule in the sense that
the molecule is always oriented to keep the mass-
weighted mean-square displacement nunimum.
The above proof of the theorem indicates that this
elimination of the overall rotation is automatically
performed in the normal mode analysis, when the
summation in eq. 1 is extended over normal modes
with non-vanishing frequencies. However, if the
trajectory of the molecular dynamics calculation is
to be compiled to discuss amplitudes of atomic
fluctuations, the above proof indicates that each
instantaneous conformation must be reoriented so
as to satisfy the Eckart condition of eq. 14. If the
molecular dynamics calculation is carried out un-
der no external force for the molecule and no
initial translational momentum of the molecule,
eq. 13 is automatically satisfied.

3.3. Proof in dihedral angle space

We now provide a proof for the case where the
normal mode analysis is carried out in dihedral

angle space. In this case, the conformational dy-
namics of a macromolecule is described as a mo-
tion of a state point in the dihedral angle space
around a point corresponding to a minimum en-
ergy conformation. Changes in the dihedral angles
from those corresponding to the minimum energy
conformation, 8,, are translated into changes in
atomic positions, s,, by

5= E(asa/agk)ak (16)
k

The derivatives on the right-hand side of this
equation are assumed to have constant values
calculated at the minimum energy point. They can
be calculated analytically so as to satisfy the Eckart
conditions of egs. 13 and 14, i.e., by requiring that
the molecule changes its conformation for changes
of the dihedral angles in such a way that no
overall translation and rotation are incurred [7].
This means that in the normal mode analysis in
dihedral angle space the external motions are
eliminated at the stage of formulation,
The Lagrangian is given by

L= (1/2)th1‘9'k0-1 - (1/2)ka10k0/ (17)
where

hk/=Ema(a-‘a/aok)'(asa/aal) (18)
fu,=9%E /306, 39, (19)

Because the derivatives in eq. 18 are calculated so
as to satisfy the Eckart conditions, the molecular
motion described by the Lagrangian of eq. 17
involves no external motion provided the devi-
ation is small.

By writing down the equation of motion for the
Lagrangian of eq. 17, we have

Ehk/g}"' ka/01=0 (20)
! l

A general solution of this equation is given as a
linear combination of normal mode variables 7:

6, = Z“ki’fi (21)

Here the cocfficients satisfy the following gen-
eralized eigenvalue equation:

(27""1)2;}’/.'/0/: kalal (22)
!
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They are orthonormalized to satisfy the following
relation.

thlukiulj = 8.‘,,' (23)
kl

The normal mode variables satisfy the following
harmonic equation of motion.

7+ (2"”’1‘)2 =0 (24)

The mean-square thermal-equilibrium amplitude
of the harmonic oscillator is again given by

(1) = kT(2mw) " (25)

The theorem to be proved can be derived easily by
using eqs. 16, 18, 21, 23 and 25.

4. Discussion

As an illustration of the theorem the result
obtained via the normal mode analysis of a globli-
lar protein, lysozyme, is presented. The X-ray
crystallographic coordinates of hen egg white
lysozyme [8] are taken from entry 2LYZ in the
Protein Data Bank [9]. As an empirical conforma-
tional energy, we employ the one used in the
UNICEPP program [10}. In'this program, dihedral
angles are treated as independent variables and
some of the atoms are treated as united atoms.
Thus, there are 385 backbone and 301 side-chain
dihedral angles. A minimum energy conformation
is at first obtained by starting from the X-ray
conformation... Subsequently, the normal mode
analysis is carried out at the minimum energy
conformation.

The distribution of frequencies of the normal
modes is given in fig. 1. About 64% of the modes
have frequencies of less than 120 cm™'. A sequen-
tial number is assigned to each of the normal
modes in ascending order of frequency. Thus, the
first mode is that with the lowest frequency, 3.9
cm !, The cumulative contribution to the mass-
weighted mean-square fluctuation from the first »
modes is plotted vs. » in fig. 2. More than 80% of
the contribution to the mass-weighted mean-square
deviation stems from a relatively small number of
modes with frequencies below 30 em ™. This fact

30

Frequency (cm-1)

0 200 400 600 800 1000

Number of modes

Fig. 1. Histogram of calculated frequencies of normal modes of

vibration in lysozyme. Frequencies are shown in corresponding

light wave numbers. Number of normal modes in each interval
of 5'crn ! s ‘shown.

indicates that this small number of very-low-
frequency modes play dominant roles in protein
conformational dynamics,

-Each normal mode is characterized by its
frequency and eigenvector. The latter determines
the pattern of atomic displacements in the mode.
However, only the frequencies appear in the theo-

-rem of ‘€eq. 1. This fact indicates that very-low-

frequency modes always play dominant roles in

the conformational dynamics irrespective of the
“details of its pattern of atomic displacements.

In the normal mode analysis, the conforma-
tional dynamics of a macromolecule is expressed
as a superpdsition of mutually independent mo-

- O'3IIIII||III|IIl‘lllI|D
°Z 5
£
E o2f
D
N=m
\?u o1
£
"N}
0.0 |||||||11|||||l||1L||§({'|l|
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Mode number
Fig. 2. Cumulative contribution to the mass-weighted mean-
square fluctuation from the first n modes plotted vs. n.
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tions, i.e., normal modes. Underlying in this pic-
ture of conformational dynamics, there is a basic
assumption of the harmonicity of the energy
surface, i.e., the energy surface is assumed to be
given by a multidimensional parabola within the
range of thermal conformational fluctuations. This
assumption is already known to be invalid, in the
case of proteins, but only in very-low-frequency
modes. In the majority of not-very-low-frequency
modes the assumption of harmonicity is valid [11).
The normal mode analysis is directly useful for
understanding the dynamics of protein conforma-
tion in these modes. In this paper, we have given a
theoretical justification to an observation, which
hitherto has been made only empirically, i.e., that
very-low-frequency modes have dominant roles in
conformational dynamics of proteins. However,
this justification must be reexamined, because the
basic assumption of the harmonicity of the energy
surface is known to be invalid for the very-low-
frequency modes. Nonetheless, we believe in the
significance of the normal mode analysis, because
it provides a natural way of describing collective
motions in proteins.

Collective motions are known to be important
in protein functions [12]. Functionally important
collective motions, which involve necessarily only
small amounts of conformational energy change,
are expected to be describable as nonlinearly cou-
pled motions of these very-low-frequency normal
modes. These normal modes, each of which is a
collective motion with a characteristic frequency,
can be calculated exactly via an algebraic proce-
dure of the normal mode analysis. In order to
realize this expectation, we are now developing a
new method of describing protein dynamics by the
coupled motion of normal mode vanables (T.
Horiuchi and N. Go, manuscript in preparation).
The above idea of using the normal mode analysis
as a method to define a set of good collective
motions for studying highly nonlinear conforma-
tional dynamics was also realized as the Monte
Carlo simulation method with anisotropic step
sizes [5]. In this method, variables corresponding
to the normal modes are used as independent
variables and the simulation based on this method
was estimated to be more efficient than the molec-
ular dynamics calculation by a factor of 5-50 in

sampling various conformations from an ensemble
at thermal equilibrium.

Based on the indication that a relatively small
number of normal modes make a dominant con-
tribution to the conformational dynamics of pro-
teins, we are also developing a new method of
X-ray crystallographic refinement which uses the
normal mode variables as independent variables
to be refined (A. Kidera and N. Go, manuscript in
preparation).

The theorem proved in this paper provides a
justification for the use of variables of very-low-
frequency normal modes as pood mdependent
variables to describe significant conformational
dynamics of proteins.
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